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ON DIFFERENTIAL GRADED EILENBERG-MOORE
CONSTRUCTION
UMESH V. DUBEY AND VIVEK MOHAN MALLICK
Abstract. The Eilenberg-Moore construction for modules over a differential
graded monad is used to study a question of Balmer regarding existence of an
exact adjoint pair representing an exact monad. A Bousfield-like localization
for differential graded categories is realized as a special case of this construction
using Drinfeld quotients. As applications, we study some example coming from
G-equivariant triangulated categories and twisted derived categories.
1. Introduction
Monads are ubiquitous. For example, in tensor triangulated geometry, they were
used by Balmer to characterize separated e´tale morphism of quasi-compact and
quasi-separated schemes [Bal14]. Kleisli [Kle65], and Eilenberg and Moore [EM65]
proved that any monad is a composition of an adjoint pair of functors. In one of
his papers, Balmer [Bal11] asked the question whether a monad on a triangulated
categories can be written as a composition of an adjoint pair of exact functors.
This question is difficult to answer while staying in the world of tensor triangulated
categories. This paper gives a partial answer to this question when the triangulated
category has a suitable enhancement (see theorem 5.8).
In the process, we do the Eilenberg-Moore construction over DG categories. The
naive generalization of the definition of a monad is too restrictive for applications.
That was the motivation for defining weak monads (definition 5.14).
One knows that Bousfield localization functors are monads by definition. We
show that weak Bousfield localization functors correspond to Drinfeld quotients in
proposition 6.8.
As an application we have a reinterpretation of a construction done by Sosna
[Sos12] and Elagin [Ela14] in terms of monads in section 7. The interpretation of
Elagin’s result in light of separable monads was arrived at independently in Chen
[Che15].
This paper is organized as follows. We begin by recalling some known results in
section 3. This section is divided into three parts: a reveiw of Balmer’s theory in
3.1; an overview of some facts on DG categories in 3.2; and finally a short subsection
dealing with monads on enriched categories in 3.3. Section 4 gives some conditions
on exitence of triangulation of order N on modules over a monad; given that such
a triangulation exists after going to the idempotent completion.
We introduce the concept of DG monads on DG categories in section 5. Initially,
in subsection 5.1, we study the DG monads as a special case of monads on enriched
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categories. However the definition of modules over DG monads is slightly different
from that coming from the theory of enriched categories. The slight modification
helped us get the required result. We end that subsection with a few examples.
Subsection 5.2 weakens the definition of DG monads. We study some properties
analogues to classical monads in this set up.
As a first application, we study a DG version of Bousfield localization in section
6. The second application, in section 7, is triangulation on G-equivariant categories
of triangulated categories with an action of a finite group G. To make the proof a
bit more readable, we did a general construction, generalizing Elagin’s construction
[Ela14] in subsection 7.1. Elagin’s construction is interpreted in our set up in
subsection 7.2. We end with some applications, where we compare G-equivariant
derived categories with various other categories.
Section 8 deals with the derived category of twisted sheaves. We prove that they
can be interpreted as category of modules over a monad and using that we construct
an enhancement of the twisted derived category. We get some more applications
by considering composition of two monads in section 9. This gives an enhancement
of the derived category of twisted stheaves with cohomology supported on some
closed subvariety. We end the section by applying compatibile monads to study the
interaction of Bousfield localization and G-equivariance for a finite group G.
Acknowledgement. The first author would like to thank DST INSPIRE for fund-
ing this research along with IISc Bangalore. He also thanks CRM Barcelona, MRC,
University of Warwick where part of the research was done. He would like to thank
Prof. Paul Balmer for his interest in the work and comments. The second author
would like to thank IISER Pune for providing him with a great ambience and in-
frastructure, from where he contributed to this work. We thank Prof. Chen for
informing us about his paper [Che15].
2. Conventions
Throughout this paper, we fix the conventions mentioned in this section. We
shall be dealing with both DG and triangulated categories. Unless otherwise stated,
we shall denote triangulated categories using the (mathcal) symbols: A, B, C and
D. In certain parts of the text, we shall use these same symbols to denote additive
categories. A, B, C and D (mathfrak symbols) will denote DG categories. Mon-
ads, DG functors between DG categories and (weak) DG natural transformations
between DG functors will be denoted by bold fonts (mathbf), e.g. F, G, α, β, etc.
3. Preliminaries
3.1. Balmer’s theory of monads on n-triangulated categories. In this sec-
tion, all references follow the facts stated here.
Definition 3.1. A suspended category is an additive category C admitting an auto-
equivalence T . As in Balmer [Bal11, Definition 1.1], we shall assume that T is an
isomorphism and T−1T = TT−1 = idC , the identity functor on C.
We recall the construction of an n-triangulated categories and refer to [Bal11,
section 5] for a complete description.
For n ≥ 2, an n-triangle in a suspended category is a collection of objects
ai,j with (i, j) ∈ Z × Z and a collection of morphisms hi,j : ai,j → ai,j+1 and
vi,j : ai,j → ai+1,j such that: (a) the non-zero ai,j ’s are concentrated on the strip
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1 ≤ |i− j| ≤ n; (b) ai,j+n+1 = Taj,i, hi,j+n+1 = Thj,i and vi,j+n+1 = Tvj,i; and
(c) vi,j+1 ◦ hi,j = hi+1,j ◦ vi,j . The collection a0,1 → a0,2 → · · · → a0,n is called the
base of the n-triangle.
Let N ≥ 2. An triangulation of order N on a suspended category C is a collection
of distinguished n-triangles for n ≤ N , which satisfy axioms similar to all the axioms
of a triangulated category, except for the octahedral axiom. See [Bal11, definition
5.9] for details.
A functor between categories with triangulation of order N is exact up to order
N if it commutes with suspension and preserves distinguished N -triangles. By an
exact functor between two categories with triangulation of order N , we shall mean
a functor which is exact up to order N .
A category with triangulations of infinite order is a collection of distinguished
n-triangles for all n ∈ N. Such categories are called ∞-triangulated.
We need the following remark from Balmer [Bal11, Remark 5.15].
Remark 3.2. Every ai,j in a distinguished n-triangle Θ is a cone of the morphism
a0,i → a0,j , which is a composition of morphisms in the base of Θ.
Remark 3.3. If A is an algebraic [Sch10, page 389] triangulated category, then it
is the homotopy category of a stable model category. By Balmer [Bal11, remark
5.12] such categories are ∞-triangulated.
Now we briefly review idempotent completions. For definitions, we refer to
[BS01].
Definition 3.4. Suppose K is an additive category. A morphism e : A → A is
said to be idempotent if e2 := e ◦ e = e. K is said to be idempotent complete or
Karoubian if every idempotent e : A→ A arises from a splitting A = ker(e)⊕ im(e).
For a category C, its idempotent completion C♮ is an idempotent complete category
such that
• there is a fully faithful additive functor ι : C → C♮ and
• every additive functor F : C → K to an idempotent complete category
factors uniquely via F ♮ : C♮ → K; i.e. F = F ♮ ◦ ι.
It is well known that any additive category admits an idempotent completion.
Balmar and Schlichting [BS01, Theorem 1.5], proved that the idempotent comple-
tion of a triangulated category has a unique triangulated structure such that the
inclusion functor ι is exact. We need the following generalization of that theorem.
Theorem 3.5. If C is a category with a triangulation of order N , then the idem-
potent completion C ♮ is also a category with triangulation of order N . Moreover
the inclusion functor ι : C → C ♮ is exact up to order N .
Proof. The arguments in [BS01] can be modified to get the above result. 
Corollary 3.6. A candidate for C♮ is the category whose objects are pairs (A, e)
where A is an object of C and e : A → A is an idempotent morphism; and whose
morphissm ϕ : (A, e)→ (B, f) are morphisms ϕ : A→ B in C such that ϕ◦e = f◦ϕ.
Proof. Follows from the proof of the theorem 3.5. 
The following definition is from [Bal11, Definition 2.1].
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Definition 3.7. A monad (M,µ, η) on a category C with a triangulation of order
N is a functor M : C → C which is exact up to order N and µ : M ◦M → M
and η : idC → M are natural transformations such that the following diagrams
commute.
(3.8) M ◦M ◦M
Mµ
//
µM

M ◦M
µ

M
Mη
//
❍❍
❍❍
❍❍
❍❍
❍
❍❍
❍
❍❍
M ◦M
µ

M
ηM
oo
✈✈
✈✈
✈✈
✈✈
✈
✈✈
✈
✈
M ◦M µ
// M M
Given a monad (M,µ, η) on a category C, one can construct a category of modules
over M as follows [Bal11, Definition 2.4].
Definition 3.9. A (left) Eilenberg-Moore category of (left) M modules is the
category whose
• objects are pairs (x, λ) where x is an object of C and λ : Mx → x is a
morphism in C such that the following diagrams commute.
(3.10) M2x
Mλ //
µ

Mx
λ

x
ηx //
❇❇
❇❇
❇❇
❇❇
❇ Mx
λ

Mx
λ // x x
• and morphisms ϕ : (x, λ)→ (y, τ) are morphisms ϕ : x→ y in C such that
the following diagram commutes.
(3.11) Mx
Mϕ
//
λ

My
τ

x
ϕ
// y
The category of M modules are denoted by M -mod.
• We have a functor FM : C → M -mod defined by FM (x) = (Mx,µx) on
objects x of C and for morphisms ϕ : x → y in C, FM (ϕ) = Mϕ gives a
morphism between the corresponding modules.
• FM has a right adjoint GM , which is the forgetful functor defined by
GM (x, λ) = x.
We remind ourselves of separable monads [Bal11, Definition 3.5].
Definition 3.12. A monad (M,µ, η) on a category C is said to be separable if the
multiplicaiton map µ : M2 → M admits a section σ : M → M2, i.e. µ ◦ σ = idM
such that
Mµ ◦ σM = µM ◦Mσ = σ ◦ µ.
Furthermore, if C is suspended andM is stable, we callM to be stably separable.
Theorem 3.13 (Balmer). Suppose
(1) C is an idempotent complete category with triangulation of order N ≥ 2;
and
(2) (M,µ, η) is a stably separable monad on C such that M is exact up to order
N .
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Then we have the following
(1) (M -free)♮ ∼=M -mod.
(2) M -mod admits a triangulation of order N . For n ≤ N , an n-triangle Θ is
distinguished in M -mod if and only if its image under the forgetful functor
GM (Θ) is distinguished in C.
(3) FM and GM are exact up to order N .
(4) Suppose F : C / D : Go be an adjunction such that D is idempotent
complete, G is stably separable and G ◦ F = M . Then K in the following
diagram is an equivalence and L becomes an equivalence after idempotent
completion.
C
{✇✇
✇✇
✇✇
✇✇
✇
 $
❍❍
❍❍
❍❍
❍❍
❍
M -free
;✇
✇✇
L // D
O
K // M -mod
d ❍❍❍
❍
The above theorem is exactly parts (a) - (d) of [Bal11, Main Theorem 5.17].
3.2. DG categories. We use the following definition of a DG category. For further
details we refer to [BK90, §1] and [Dri04, section 2].
Definition 3.14. Suppose k is a commutative ring. A DG category, or a differential
graded k-linear category, is a category such that
• for objects A and B in C , HomC (A,B) has
– a structure of a Z-graded k module,
– a differential d : HomC (A,B) → HomC (A,B) of degree 1 (with d
2 =
0);
• for objects A, B and C of C , the composition morphism
HomC (B,C) ⊗k HomC (A,B)→ HomC (A,C)
is a morphism of complexes; and
• d(idA) = 0 for every object A.
Given objects A and B, the group of all morphisms of degree r between A and B
is denoted by HomrC (A,B).
Definition 3.15. A DG functor F between DG categories C and D is a k-linear
functor such that
• degFf = deg f = r for all morphisms f ∈ HomrC (A,B) in C , and
• F(df) = d(Ff) for all morphisms f in C .
Definition 3.16. Suppose C and D are two DG categories and F and G be two
DG functors between them. Given a natural transformation α : F→ G, dα is the
natural transformation such that for every object A in C , (dα)A = d(α(A)). A
DG natural transformation is a natural transformation α : F→ G such that
• for each object A in C , α(A) : FA→ GA is of degree 0, and
• dα = 0.
The fact that HomC (A,B) is a complex for objects A and B in a DG category
C , allows us to make the following definition.
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Definition 3.17. Given a DG category C , H0(C ) is the k-linear category whose
objects are the same as those of C , and whose morphisms are
HomH0(C )(A,B) = H
0(HomC (A,B))
for any pair of objects in C . Given a DG functor F : C → D between two DG
categories, H0(F) : H0(C )→ H0(D) is the functor defined by
H0(F)(A) = F(A) for all objects A in C ,
H0(F)([f ]) = H0(Ff)
where [f ] is a morphism in HomH0(C )(A,B) and f is a representative in HomC (A,B)
such that df = 0 and [f ] = f mod dHom−1
C
(A,B). For a DG natural transforma-
tion α : F → G, one defines H0(α) to be the natural transformation from H0(F)
to H0(G) such that for every object A in C ,
H0(α)(A) = α(A) mod dHom−1
C
(F(A),G(A)) ∈ H0(HomD(F(A),G(A)))
= HomH0(D)(H
0(F(A)), H0(G(A))).
Definition 3.18. Small DG categories along with DG functors and DG natural
transformations form a 2-category in the sense of [ML98, Chapter XII]. We denote
this category by DGCat.
Lemma 3.19. H0 defines a strict 2-functor from DGCat to the 2-category of small
k-linear categories.
Proof. It is a routine checking of the defintion of a strict 2-functor. 
The following definitions are by Bondal and Kapranov [BK90].
Definition 3.20. Consider a collection of objects {Ai | i ∈ Z} and a collection
of morphisms {qi,j : Ai → Aj | (i, j) ∈ Z× Z} in some DG category A . Such a
collection of objects and morphims is called a twisted complex over A if
• all but finitely many of Ai’s are 0,
• deg qi,j = i− j + 1, and
• dqi,j +
∑
k qk,j ◦ qi,k = 0.
Let T = (Ai, qi,j) and U = (Bi, ri,j) be two twisted complexes. A morphism
f : T → U of degree k is a collection of morphisms fi,j : Ai → Bj with deg fi,j =
i−j+k. The twisted complexes over a DG category form a DG category with respect
to a suitably defined differential [BK90, Definition 1]. Let A be the DG category
obtained from A by adjoining finite formal direct sums of objects. Define A pretr
to be the category of twisted complexes over A . For two objects T = (Ai, qi,j) and
U = (Bi, ri,j) in A
pretr and a morphism of degree 0, f = (fi,j) : T → U , such that
df = 0, one can define the cone,
Cone(f) = (Ci, si,j) where Ci = Ai +Bi−1, si,j =
(
qi,j fi,j
0 ri,j
)
.
A pretr is called the pretriangulated hull of A (see [Orl16, section 2.3]). There is a
canonical functor A →֒ A pretr.
Definition 3.21. Define A tr = H0(A pretr). Let us define the distinguished trian-
gles in A tr to be the triangles induced by the natural morphisms
A
f
−→ B → Cone f
+
−→
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in A pretr, for every f of degree 0 satisfying df = 0; and all triangles isomorphic to
these.
Proposition 3.22. A tr along with the distinguished triangles defined above forms
a triangulated category.
Proof. This is [BK90, Proposition 1]. 
Definition 3.23. A DG functor F : A → B is said to be a quasi-equivalence if
for every pair of objects A and A′ in A , the morphism FA,A′ : HomA (A,A
′) →
HomB(FA,FA
′) is a quasi-isomorphism and if the induced functorH0(F) : H0(A )→
H0(B) is an equivalence. Two DG categories A and B are said to be quasi-
equivalent if there exists DG categories C1, . . . ,Cn and a chain of quasi-equivalences:
C1

❂❂
❂❂
❂❂
❂❂
~~⑥⑥
⑥⑥
⑥⑥
⑥
···
Cn
!!❇
❇❇
❇❇
❇❇
❇
    
  
  
  
 
A B.
Definition 3.24. Two objects c and d in a DG category C are said to be homotopy
equivalent if there are morphisms f : c→ d and g : d→ c in C such that g◦f−idc =
dθ and f ◦ g − idd = dτ for morphisms θ and τ in C .
Definition 3.25. A DG category A is said to be pretriangulated if the canon-
ical functor A → A pretr is a quasi-equivalence. A strongly pretriangulated DG
category is a DG category A for which the canonical functor A → A pretr is a
DG-equivalence.
Remark 3.26. An equivalent condition for a non-empty DG category A to be pre-
triangulated is that
• for any object A in A , and for any n ∈ Z, the object A[n] in A pretr is
homotopy equivalent to some object in A , and
• for any closed degree zero morphism f in A , Cone(f) in A pretr is homotopy
equivalent to some object in A .
If we replace “homotopy equivalent” with “DG isomorphic” in the above condi-
tions we get an equivalent description of strongly pretriangulated DG categories.
See [Dri04, section 2.4].
We need the following result about functoriality of cones.
Proposition 3.27. Suppose C is a strongly pretriangulated DG category. Then
any commutative square
A
f
//
g

B
h

C
k // D
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with f and k being degree zero closed morphisms, one has a canonical way to fill
the thrid arrow below to make all the squares commutative.
A
f
//
g

B
vv❧❧❧
❧❧❧
h

Cone(f)
+
hh❘❘❘❘❘❘

Cone(k)
+
vv❧❧❧
❧❧❧
C
k
// D
hh❘❘❘❘❘❘
This follows from construction of a cone [BK90, definition 2]. For related dis-
cussion, also see [Toe¨11, §5].
Most of this work deals with triangulated categories which are realized as homo-
topy category of some pretriangulated category. We recall the following definition.
Definition 3.28. Enhancement of a triangulated category A is a pair (A , ε) where
A is a pretriangulated DG category and ε : H0(A ) → A is an equivalence of
triangulated categories. (See [LO10].)
In one of the applications we need the DG category C perf associated to a DG
category C . We define it in the following sequence of definitions. See [Orl16, section
2.2] for further details.
Definition 3.29. A right DG A -module associated to a small DG category A is
a DG functor M : A op → DG -M od(k) where DG -M od(k) is the DG category of
DG k-modules. The category of DG A -modules is denoted by DG -M od(A ).
Remark 3.30. DG -M od(A ) is a DG category (see [Kel94, section 1.2]). There
exists a fully faithful Yoneda DG functor h• : A → DG -M od(A ) defined by
h•(Y ) = hY , where hY (X) = HomA (X,Y )
for objects X and Y in A .
Definition 3.31. A DG A -module M is representable if it is of the form hY for
some object Y in A . A DG A -module is free if it is of the form ⊕ni=1h
Yi [si] for
some n ∈ N and for some shifts si ∈ Z. A DG A -module S is said to be semi-free if
it admits a filtration 0 = T0 →֒ T1 →֒ · · · →֒ Tk →֒ · · ·S such that Ti/Ti−1 is free for
1 ≤ i ≤ k. The full DG subcategory of DG -M od(A ) consisting of all semi-free DG
modules is denoted by A sf . A semi-free module S is said to be finitely generated,
if Tk = S for some finite k ∈ N. The full subcategory of DG -M od(A ) consisting
of finitely generated semi-free modules is denoted by A sffg . The perfect DG module
is an object of A sf which is homotopy equivalent to a direct summand of a finitely
generated semi-free DG module. The full subcategory of all perfect DG A -modules
is denoted by A perf .
Remark 3.32. A perf is a pretriangulated DG category and contains A pretr. Also
H0(A perf) ∼=
(
H0(A pretr)
)♮
=
(
A tr
)♮
. For details, see [Orl16, section 2.3].
Lemma 3.33. The functor Pre-Tr : DGCat → DGCat defined by Pre-Tr(A ) =
A pretr is a strict 2-functor.
Proof. Follows easily from definitions. 
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We record the following definition [BK90, §3, definition 2] for later use. For a
pretriangulated category A , proposition 1 in [BK90, §3] asserts the existence of a
equivalence TA : A
pretr = Pre-TrA → A , called the convolution.
Definition 3.34. A pre-exact functor F : A → B between two pretriangulated
categories is a DG functor such that the following diagram commutes
A pretr
Fpretr //
TA

Bpretr
TB

A
F // B.
The only result we need about pre-exact functors is the following easy fact.
Lemma 3.35. If F : A → B is a pre-exact functor between pretriangulated cate-
gories, then
H0(F ) : H0(A )→ H0(B)
is an exact functor between triangulated categories.
3.3. Monads in V-categories. DG-categories can be viewed as categories en-
riched by DG -M od(k). Since monads in enriched categories are already studied, we
recall enriched categories here. The references are [Kel82] [EK66] [Koc70] [Koc71].
Let V be a symmetric monoidal category, consisting of a functor ⊗ : V ×V → V ,
and an object 11V which acts as an identity for ⊗ satisfying certain compatibility
conditions as in [Lev98, Part II, Chapter 1, page 375].
Definition 3.36. A V-category C consists of the following data:
(1) a collection of objects of C;
(2) for each pair of objects A and B in C, an object HomC(A,B) of V ;
(3) for each triple A, B and C of objects in C, a “composition” morphism
◦A,B,C : HomC(B,C) ⊗HomC(A,B)→ HomC(A,C)
in V ; and
(4) for each object A in C a morphism idA : 11C → HomC(A,A)
which satisfy axioms corresponding to associativity and compatibility with the iden-
tity morphism.
A V-functor F : A → B between two V-categories is an association of objects
together with morphisms F (A,B) : HomA(A,B) → HomB(F (A), F (B)) which is
compatible with composition and identity, for any pair of objects A and B in A.
A V-natural transformation θ : F → G between two V-functors F,G : A → B
is a collection of maps θ(A) : 11B → HomB(F (A), G(A)) for each object A in A
which is compatible with morphisms. Two natural transformations ρ and θ can be
composed to give:
ρ ◦ θ(A) : 11B → 11B ⊗ 11B
ρ⊗θ
−−→ HomB(G(A), H(A)) ⊗HomB(F (A), G(A))
◦F (A),G(A),H(A)
−−−−−−−−−−→ HomB(F (A), H(A)).
Definition 3.37. Suppose F : A → B and G : B → A be two V-functors between
V-categories. F is said to be a left adjoint for G if there is a V-natural isomorphism
a(A,B) : HomB(FA,B)→ HomA(A,GB)
between V-functors from Aop⊗VB → V . For further details one can refer to [Kel05].
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Definition 3.38. A V-monad (M,µ, η) on a V-category C consists of an V-endofunctor
M : C → C and two V-natural transformations µ : M ◦M → M and η : idC → M
such that the following two diagrams commute:
M3
Mµ
//
µM

M2
µ

M
❈❈
❈❈
❈❈
❈❈
ηM // M2

M
④④
④④
④④
④④
Mη
oo
M2
µ
// M M
The following lemma is well known.
Lemma 3.39. Let V be a symmetric monoidal additive category. Let C be a V-
category. Then for every V-monad, M , there exists a V-category M -mod, and two
V-functors FM : C → M -mod and GM : M -mod → C, such that M = GM ◦ FM ,
GM is right adjoint to FM and for any other V-category D admitting V-functors
F : C → D and G : D → C, such that G ◦ F = M , there is a unique V-functor
Φ : D → M -mod as in the following diagram. Furthermore, there is a V-category
M -free and a unique Ψ : M -free → D such that the whole diagram, given below,
commutes.
C
F
FM{✇✇
✇✇
✇✇
✇✇
✇
FM
$■
■■
■■
■■
■■
M -free
GM
;✇✇✇✇✇✇✇✇✇
Ψ // D
G
O
Φ // M -mod .
GM
d■■
■
■■
■
Proof. The proof goes parallel to the Eilenberg-Moore construction [EM65] and
[Kle65]. See for example, [Lin69]. 
4. A fact about triangulation in M-mod
In this section the canonical functor from a category to its idempotent completion
will be denoted by ι.
Lemma 4.1. Given an exact functor F : C → D between two categories with
triangulation of order N (respectively, triangulated categories), one can canonically
extend the functor to a functor F ♮ : C♮ → D♮, between the idempotent completions
of C and D, such that ι ◦ F = F ♮ ◦ ι, that is, the following diagram commutes:
C
ι

F // D
ι

C♮
F ♮ // D♮.
Proof. That the categories C♮ and D♮ have triangulations of order N , follows from
a straight-forward modification of the proof in [BS01, section 1.15]. By definition
(see [BS01, definition 1.10]) F ♮(a, ε) = (F (a), F (ε)). From this description the
commutativity of the square is evident. 
Lemma 4.2. Given an exact monad (M,µ, η) on a category C, with triangulations
of order n, (respectively, a triangulated category), there is a monad (M ♮, µ♮, η♮)
on the idempotent completion C♮ of C. M ♮ is compatible with M in the sense that
ι ◦M = M ♮ ◦ ι.
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Proof. This is an easy consequence of lemma 4.1. 
The next proposition has two versions. For brevity, we state a statement which
we call “proposition(P)”, which is a proposition regarding property P of some
pretriangulated categories..
Definition 4.3. By proposition(P), we mean the following statement:
“Suppose C and D′ are categories satisfying property P and ι :
C → C♮ is an idempotent completion of C. Let F : C♮ / D′ : Go
be an exact adjunction. By D, we denote the full subcategory of
D′, consisting of all objects d in D′ such that Gd is isomorphic to
an object in the image of ι. Under these conditions we have the
following:
(a) D has property P,
(b) If F ′ = F ◦ ι, and F ′ maps C into D, there exists an exact
functor G′ : D → C, which is a right adjoint to F ′:
F ′ : C / D : G′o .
(c) Let (M,µ, η) be a monad on C and let (M ♮, µ♮, η♮) be the
monad on C♮ constructed in lemma 4.2. If we conisder D′ =
M ♮ -mod, F = FM♮ and G = GM♮ (notation coming from
definition 3.9), then D = M -mod.
In particular, M -mod has property P in this case.”
Proposition 4.4. Proposition(P) is true in the following two cases.
(1) P means that a category is triangulated.
(2) P means that a category admits a triangulation up to order N , for N ∈ N
or N =∞.
Proof. We prove each part separately.
(1) A full subcategory of a triangulated category is triangulated if and only if it
is closed under shifts and every morphism can be completed into a triangle.
(a) Suppose d is an object of D. Let Gd ∼= ι(c). Since G(d[n]) = G(d)[n] =
ι(c)[n] = ι(c[n]), d[n] is an object of D.
Suppose x
f
−→ y be a morphism in D. Since D′ is triangulated, there
exists a distinguished triangle x→ y → z
+
−→ in D′. Thus Gf fits into
a distinguished triangle Gx
Gf
−−→ Gy → Gz in C♮. Let f ′ : x′ → y′ be a
morphism in C such that Gx ∼= ιx′ and Gy ∼= ιy′, and Gf ∼= ιf ′. Since
C is a triangulated category, there exists an object z′ in C such that
x′
f ′
−→ y′ → z′
+
−→ is a distinguished triangle. Consider the diagram
Gx
Gf
//
∼=

Gy //
∼=

Gz

+
//
ιx′
ιf ′
// ιy′ // ιz′
+
//
and by definition of triangulated categories the dotted arrow exists.
It is also clear that it has to be an isomorphism in C♮. Thus z is an
object of D.
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(b) Note that G restricts to a functor G′ : D → C, by definition of G.
Since F , G and ι are exact, so are F ′ and G′. F ′ is a left adjoint to
G′, as F is a left adjoint to G.
(c) Since ι : C → C♮ is fully faithful (see definition 3.4 and theorem 3.5), so
is the induced functor M -mod → M ♮ -mod. Now if GM♮(x, λ) = x is
isomorphic to an object ιx′ of C, Since ι is fully faithful, λ :M ♮x→ x
determines a λ′ : Mx′ → x′ and ι(x′, λ′) ∼= (x, λ) and hence D is
equivalent to M -mod.
In the set up of item 1c above, the fact that M -mod is triangulated follows
from part 1a.
(2) Note that the proof of 1a implies that D is pretriangulated. In particular,
for every morphism f : A→ B in D, if A
f
−→ B → C
+
−→ is a distinguished
2-triangle in D′, then C is also an object of D.
(a) By remark 3.2, given a base a0,1 → a0,2 → . . . a0,n in D, the objects
ai,j in the corresponding distinguished n-triangle in D
′ also belong to
D. Thus, if D′ admits a triangulation up to order N , then so does D.
(b) This proof is exactly the same as that of 1b.
(c) An argument similar to that of 1c using theorem 3.5 will give us the
desired result.

We use the above proposition to slightly modify a theorem of Balmer, recalled
here as theorem 3.13.
Proposition 4.5. If C is a category with a triangulation up to order N . Suppose
M is a stably separable monad on C. Then M -mod has a triangulation up to order
N with respect to which FM and GM are exact functors.
Proof. That M is stably separable (definition 3.12) will imply that there is a split-
ting σ : M → M2 of µ : M2 → M . One can extend σ to a natural transformation
σ♮ :M ♮ → (M ♮)2, as (see corollary 3.6)
σ♮(x,i) : M
♮(x, i) = (Mx,Mi) −→ (M ♮)2(x, i) = (M2x,M2i).
It is clear that σ♮ splits µ♮ and satisfies the conditions in definition 3.12. Thus M ♮
is separable; and hence stably separable.
Applying theorem 3.13 to (M ♮, µ♮, η♮) on C♮, we get that M ♮ -mod has a triangu-
lation up to order N , with respect to which FM♮ and GM♮ are exact. Now applying
part 2 of proposition 4.4, we conclude that M -mod also has a triangulation up to
order N , with respect to which FM and GM are exact. 
5. DG monads
5.1. Monads on DG categories. Note that DG categories are nothing but DG -M od(k)
enriched categories. This allows us to define
Definition 5.1. A DG monad is a monad on a DG -M od(k) enriched category
defined as in definition 3.38.
Definition 5.2. Let C be a triangulated category. Suppose (C , ǫ) is an enhance-
ment of C. Let (M,µ, η) be a monad on C. A lift of M to C is a pre-exact DG
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monad (M,µ,η) on C such that the following diagram of functors
H0(C )
H0(M)
//
ǫ

H0(C )
ǫ

C
M // C,
and the following diagrams of natural transformations commute.
ǫ ◦H0(M) ◦H0(M)
ǫ(H0(µ))

M ◦M ◦ ǫ
µ(ǫ)

and
ǫ ◦H0(idC )
ǫ(H0(η))

idC ◦ǫ
η(ǫ)

ǫ ◦H0(M) M ◦ ǫ, ǫ ◦H0(M) M ◦ ǫ.
The definition of DG monads which we get from the theory of enriched categories
is not sufficient for our purposes. We use the following definition of modules over
DG monads.
Definition 5.3. Let C be a DG category and (M,µ,η) be a DG monad on C .
A DG M-module is a pair (C,λ) consisting of an object C in C and a morphism
λ :MC → C such that
(1) degλ = 0,
(2) dλ = 0, and
(3) the following diagrams commute.
M2C
Mλ //
µC

MC
λ

C
ηC //
❈❈
❈❈
❈❈
❈❈
MC
λ

MC
λ // C C
As in the classical case, a morphism ϕ : (C,λC)→ (D,λD) is a morphism ϕ : C →
D in C such that the following diagram commutes.
(5.4) MC
Mϕ
//
λC

MD
λD

C
ϕ
// D
The category of DG M-modules will be denoted by M-mod.
Remark 5.5. Note that in the above definition, 3 implies 1, since definition 3.16
demands η and µ to be closed of degree 0. Thus the only extra condition here is
closedness of λ. The closedness of λ implies that for any ϕ : C → D fitting into
a diagram like (5.4), dϕ is also a morphism in M-mod, making M-mod a DG
category.
Now it is easy to check that FM : C →M-mod defined by
FM(C) = (MC,µC) FM(ϕ) =Mϕ,
GM((C,λC)) = C GM(ϕ) = ϕ.
defines a DG adjunction
FM : C /M-mod : Go .
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Also it is easy to prove a lemma similar to lemma 3.39. Given any adjoint pair
F : C / D : Go , let M = G ◦ F. Following the lines of the proof of 3.39, one
can define L : D → M-mod, by LD = (GD,λ) where λ : MGD → GD is the
map
MGD = (GF)GD = G(FG)D
GǫD−−−→ D,
ǫD being the counit natural transformation FG→ idD . It is obvious what L should
be on morphisms.
Lemma 5.6. If C is a strongly pretriangulated DG category and (M,µ,η) is a
DG monad on C , then M-mod is a strongly pretriangulated DG category. Thus,
H0(M-mod) is a triangulated category.
Proof. By remark 5.5, M-mod is a DG category. To show that it is strongly
pretriangulated, we have to show that every object has a shift and every closed,
degree 0 morphism has a cone (see remark 3.26). We define these as follows.
• For A = (A,λA), set A[1] = (A[1],λ[1]).
• For A = (A,λA) and B = (B,λB), and ϕ : A → B a closed degree zero
morphism, then we define Cone(ϕ) as follows. By abuse of notation let
ϕ : A → B in C be the underlying morphism. Let C = Cone(ϕ) in C .
Thus we have a diagram of the form
MA
Mϕ
//
λA

MB //
λB

MC
λC

Cone(Mϕ)
A // B // C
By construction of cone, there exists a morphism λC : MC → C making
the above diagram commutative (see 3.27). Using functoriality of cones
and M, it is easy to check that C = (C, λC) is DG isomorphic to the cone
of ϕ in M-mod.
The last assertion of the lemma follows from proposition 3.22. 
Definition 5.7. Suppose we have a triangulated category C, a monad (M,µ, η) on
C, a strong enhancement (C , ǫ) of C and a lift M of M to C . We shall denote the
triangulated category H0(M-mod) by Dtr
C ,M, D
tr
M
or just Dtr.
Proposition 5.8. Suppose (M,µ, η) be an exact monad on a triangulated category
C. Assume that there exists an enhancement (C , ǫ) of C and a lift M of M to C .
Then there exists a pair of exact adjoint functors
F tr : C / Dtr
M
: Gtro
satisfying M = Gtr ◦ F tr.
Remark 5.9. Note that this partially answers Balmers question in [Bal11, remark
2.9], where he asks if given a monad M on a triangulated category C, there exists
a triangulated category D and an exact adjunction F : C / D : Go such that
G ◦ F = M .
Proof of proposition 5.8. First assume that the lift C is strongly pretriangulated.
Then by lemma 5.6, M-mod is also strongly pretriangulated. As mentioned in
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remark 5.5, given C and M, one can construct an adjunction
FM : C /M-mod : GMo
Now the required adjunction mentioned above, is obtained by applying the 2-
functor H0 (see 3.19) to the above adjunction and setting F tr = H0(FM), and
Gtr = H0(GM). Note, that C = H
0(C ) follows from the definition of enhancement
(definition 5.2), and Dtr
M
= H0(M-mod) is by definition 5.7.
Now for general lifts C , let i : C → C pretr be the canonical inclusion functor.
By lemma 3.33, (Mpretr,µpretr,ηpretr) is a DG monad on C pretr. It is easy to see
that Mpretr is also a lift of M , as H0(i) is an equivalence of categories. Thus, the
same argument as in the first paragraph applied on C pretr and Mpretr in place of
C and M respectively gives us an adjunction
FMpretr : C
pretr /Mpretr-mod : GMpretro
Now taking H0 as before we get the required result. 
Remark 5.10. In proposition 5.8, if Gtr is separable, then [Bal11, Main Theorem
5.17(d)] implies that Dtr
M
is equivalent to M -mod and in this case M -mod is trian-
gulated.
We conclude this subsection by studying a couple of examples.
Example 5.11. Consider an abelian categoryA. Let C#(A) be the additive category
of complexes in A. Here # can be one of +, −, b or it can be empty depending
on whether we look at bounded above, bounded below, bounded or unbounded
complexes. LetK#(A) be the corresponding homotopy category. C#dg(A) will denote
the DG category of complexes in A (see [Kel94], for example). Suppose (M,µ, η)
is an exact monad on A.
With this setup, let DG : AbelianCategories → DGCat be the functor from the
category of small abelian categories to small DG categories defined by DG(A) =
C#dg(A) on objects of AbelianCategories, DG(F : A → B) = F
• : C#dg(A) → C
#
dg(A)
given by F •(A•, d•) = (F (A•), F (d•)). For natural transformations α : F → G
between functors in AbelianCategories, one can define a natural transformation
DG(α) : DG(F )→ DG(G) as DG(α)(A•,d•) : DG(F )(A
•, d•)→ DG(G)(A•, d•) as
the collection α• : F (A•)→ G(A•). With this definition it is easy to see that DG is
a 2-functor. Let us denote the monad (DG(M), DG(µ), DG(η)) by (Mdg,µdg,ηdg).
This is a natural example of a DG monad.
Lemma 5.12. Mdg-mod is equivalent to C
#
dg(M -mod). Thus, H
0(Mdg-mod) is
equivalent to K#(M -mod).
Proof. The elements of C#dg(M -mod) are complexes (x
•, λ•), d• of objects inM -mod.
By definition, of morphism of modules, (x•, d•) is a complex and an element of
C#(A). It is easy to check that ((x•, d•), λ•) is an element of Mdg-mod. The
functor Ψ : C#dg(M -mod)→Mdg-mod is easily shown to be an equivalence.
The second part of the sentence is obtained by applying H0 to the above equiv-
alence. 
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5.2. Weak monads on DG categories. In this subsection, we shall weaken the
definition of a natural transformation between two DG functors.
Definition 5.13. Suppose F and G are two DG functors between DG categories
C and D . A weak natural transformation α : F → G is a collection of morphisms
{αc : Fc→ Gc | c is an object in C }, such that
• for all objects c in C , αc has degree zero;
• satisfies dαc = 0; and
• the induced maps H0(αc) ∈ H
0(HomD(Fc,Gc)) gives a natural transfor-
mation H0(α) : H0(F)→ H0(G).
A weak natural transformation α is said to be a weak natural isomorphism if
H0(α) is a natural isomorphism.
A weak inverse, β of a weak natural isomorphism α is a choice of morphisms
βx : Gx→ Fx, for each object x in C , such that
• degβx = 0,
• dβx = 0
for all objects x in C , and x 7→ H0(βx) is a natural transformation from H
0(G) to
H0(F), and H0(β) = H0(α)−1 as natural transformations on additive categories.
Definition 5.14. Suppose C is a DG category and M : C → C is a DG endo-
functor. Let µ : M2 →M and η : id →M be weak DG natural transformations.
We say that (M,µ,η) is a weak DG monad on C if (H0(M), H0(µ), H0(η)) is a
monad on the additive category H0(C ).
Now we define weak modules over weak monads.
Definition 5.15. Let C be a DG category and (M,µ,η) be a weak monad on C .
An weak M-module is a pair (x,λ) where
• x is an object in C ,
• λ :Mx→ x is a morphism of degree 0 such that dλ = 0, and
• λ ◦Mλ− λ ◦ µx = dρ where ρ :M
2x→ x is a morphism of degree −1.
• λ ◦ ηx − idx = dν where ν : x→ x is a morphism of degree −1.
Remark 5.16. In the above definition, d(λ ◦Mλ − λ ◦ µx) can easily be checked
to be 0 using Liebnitz rule for d. Similarly, d(λ ◦ ηx − idx) = 0. Thus the last two
conditions can be interpreted as H0(λ ◦Mλ− λ ◦ µx) = H
0(λ ◦ ηx − idx) = 0.
Definition 5.17. Suppose C is a DG category and (M,µ,η) be a weak monad
on it. Suppose (x,λ) and (x′,λ′) are two weak M-modules. A weak M-module
morphism ϕ : (x,λ)→ (x′,λ′) is a morphism ϕ : x→ x′ in HomC (x, x
′) such that
λ′ ◦Mϕ− ϕ ◦ λ =
n∑
i=1
fi ◦ dθi
for some finite set of morphisms fi and θi in C .
Remark 5.18. Asking for λ′◦Mϕ−ϕ◦λ = dθ in the above definition, is not enough
for the resulting category of modules to be closed under composition.
Proposition 5.19. The weak M-modules along with the weak M-module mor-
phisms form a DG category, which we denote by M-hmod. There exists an essen-
tially surjective functor H0(M-hmod)→M -mod where M = H0(M).
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Proof. That weak M modules form a DG category is a routine computation. Con-
sider the functor
Φ : H0(M-hmod)→M -mod
defined by Φ((x,λ)) = (x, λ), where λ = H0(λ) is the image of λ in HomH0(C )(Mx, x) =
H0(HomC (Mx, x). Suppose f : (x,λ) → (x
′,λ′) is a morphism in H0(M-hmod).
Let f : (x,λ)→ (x′,λ′) be any closed morphism in M-hmod whose H0 is f . Then
Φ(f) = H0(f) in H0(C ) satisfies λ′ ◦MΦ(f) = Φ(f) ◦ λ, and thus defines a mor-
phism in M -mod. Since HomM-hmod((x,λ), (x
′,λ′)) ⊂ HomC (x, x
′), Φ(f) is well
defined.
That Φ is essentially surjective, is obvious by definition. 
Finally, to make sense of the Eilenberg-Moore construction in this setting we
need a notion of weak adjoints.
Definition 5.20. Two DG functors F : C → D and G : D → C between DG cate-
goriesC andD are said to be weak adjoint if H0(F) : H0(C ) / H0(D) : H0(G)o
is an adjunction between additive categories.
Lemma 5.21. If F : C / D : Go is a weak adjoint pair of functors between
DG categories, then G ◦ F defines a weak DG monad on C .
Proof. Recall that in the additive category case the multiplication and unit natural
tranformations of a monad are induced by the unit and the co-unit natural trans-
formations of the adjoint functors. We do the same thing here. We choose any
weak natural transformation ǫ : F ◦G→ idC by choosing ǫA : F ◦G(A)→ A to be
a degree zero closed morphism such that H0(ǫA) = εA : H
0(F) ◦H0(G)(A) → A
where εA is the co-unit for the adjunction H
0(F) : H0(C ) / H0(D) : H0(G)o .
Thus, we can define µA to be GǫAF. From the construction, it is clear that
H0(µ) is a natural transformation. One chooses ηA : A → MA = G ◦ FA to
be any closed morphism such that H0(ηA) : A → H
0(G) ◦ H0(F) is the unit
natural transformation for the adjoint pair (F,G). Thus ηA is a weak natural
transformation.
It is obvious that (M,µ,η) is a weak monad. 
Lemma 5.22. Let C and (M,µ,η) be a DG category and a weak monad on it as
above. Then one has a weak adjunction
FM : C /M-hmod : GMo ,
where GM is the forgetful functor GM((x, λ)) = x and FM(x) = (Mx,µx). Fur-
thermore, M = GM ◦ FM.
Proof. It is an easy exercise to check that FM and GM are functors (see 5.17). The
proof of the fact that FM is a left adjoint to GM is similar to the classical case; see
for example [ML98, chapter VI, section 2, theorem 1] and [EM65]. 
Definition 5.23. The category of weak free M-modules is the full subcategory of
M-hmod generated by the image of FM. It will be denoted by M -hfree.
To make sense of the universal properties ofM-hmod andM -hfree, we need the
following definition.
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Definition 5.24. A DG functor H : A → B between two DG categories, sat-
isfying certain properties, is said to be unique up to a quasi-unique weak natural
isomorphism, if for any other DG functor H′ : A → B satisfying the same proper-
ties, there exists a weak natural isomorphism α : H → H′ such that H0(α) has a
unique choice.
Proposition 5.25. Let C and D be DG categories and F : C / D : Go be a
weak adjoint pair of functors. Let M = G◦F be the corresponding weak DG monad
on C . Then we have two DG functors:
• K : D →M-hmod and
• L :M -hfree→ D ,
both unique up to a quasi-unique weak natural isomorphism, such that the arrows
fit into the following diagram:
C
FM
|②②
②②
②②
②②
②②
②②
②②
②②
②②
FM
"❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊
F

M -hfree
GM
<
②
②
L
// D
G
O
K
//M-hmod
GM
b
where L ◦ FM = F, G ◦ L =GM, FM = K ◦ F and G = GM ◦K.
Proof. If ǫ : F ◦G → idC is the co-unit weak natural transformation, one defines
L :M-hmod→ D by L((Mx,µx)) = ǫFx(F(Mx)). This is easily checked to be well
defined in lines of the proof of [ML98, chapter VI, section 2, theorem 1]. One can
also define KD = (GD,GǫD). Now the theorem follows from standard arguments
about adjoint pairs of functors (see loc. cit.). 
Theorem 5.26. Let (M,µ, η) be a monad on a triangulated category C. Suppose
C admits an enhancement (C , ǫ), and an endofunctor M : C → C which satisfies
H0(M) = M . Then there exists a triangulated category D and an exact adjunction
F : C / D : Go such that G ◦ F = M .
Proof. The proof is in the same lines as that of proposition 5.8. Choose degree 0
closed natural transformationsµ :M2 →M and η : idC →M such thatH
0(µ) = µ
and H0(η) = η. By definition, (M,µ,η) is a weak monad on C . Consider the weak
adjunction
FM : C /M-hmod : GMo .
Applying the strict 2-functor Pre-Tr we get a weak adjunction
F
pretr
M
: C pretr /M-hmodpretr : Gpretr
M
o .
Now apply the strict 2-functor H0 to get an adjunction
F : C / D : Go
where,
F = H0(Fpretr
M
) G = H0(Gpretr
M
)
C = H0(C ) ∼= H0(C pretr) D = H0(M-hmod
pretr).
Clearly, D is triangulated and F and G are exact. 
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6. Bousfield localizations in DG categories
Definition 6.1. We shall call a DG endofunctor L : C → C on a DG category
C , a weak Bousfield localization functor if there is a weak natural transformation
η : idC → L such that Lη : L→ L
2 is a weak natural isomorphism and Lη = ηL.
Definition 6.2. By a Bousfield localization functor on a triangulated category
T , we mean an exact functor L : T → T along with a natural transformation
η : idT → L such that Lη : L → L
2 is a natural isomorphism and Lη = ηL. For
details, refer to [Kra10].
Lemma 6.3. Suppose C is a pre-triangulated DG category. L : C → C being a
weak Bousfield localization functor is equivalent to L = H0(L) being a Bousfield
localization functor on the triangulated category C = H0(C ).
Proof. This is by definition of weak natural transformations. 
Definition 6.4. We call a weak monad (M,µ,η) on a pre-triangulated DG cate-
gory C to be separable if (H0(M), H0(µ), H0(η)) is separable (see 3.12) as a monad
on the triangulated category H0(C ).
Lemma 6.5. Let C be a DG category and L : C → C be a weak Bousfield localiza-
tion functor. Let η : idC → L be the weak natural transformation as in definition
6.1. Let µ : L2 → L be a weak inverse (see 5.13) of Lη. Then (L,µ,η) is a
separable weak monad.
Proof. This is obvious as L = H0(L) is a Bousfield localization functor on C =
H0(C ). If η = H0(η), it is easy to see that (L, µ = (Lη)−1, η) is a monad on C
with µ invertible. Set σ = Lη. To prove that L is separable, we need
L(Lη)−1 ◦ (Lη)L = (Lη)−1L ◦ L(Lη) = Lη ◦ (Lη)−1 = idL2 .
which is easy to see as Lη = ηL. 
Definition 6.6. A full DG subcategory E of a DG category C is said to be weakly
admissible if the inclusion DG functor E → C has a weak right adjoint.
We define the kernel of a functor, and prove a criteria for a functor to be a weak
Bousfield localization functor. This is a DG version of [Kra10, proposition 4.9.1].
Definition 6.7. Let C be a pre-triangulated DG category and L : C → C be
a pre-exact DG endofunctor. The kernel of L, kerL is the full subcategory of C
consisting of objects c such that idLc = dθ for some morphism θ : Lc → Lc of
degree −1.
Proposition 6.8. Let C be a pre-triangulated DG category and L : C → C be a
pre-exact DG endofunctor. Then the following are equivalent:
(1) L is a weak Bousfield localization functor.
(2) kerL is a weakly admissible subcategory of C .
(3) The Drinfeld quotient C → C /(kerL) admits a weak right adjoint.
Proof. Note that C = H0(C ) is triangulated and by lemma 6.3, L = H0(L) is a
Bousfield localization functor on C.
Moreover, c belongs to kerL, if and only ifH0(idLc) = idLc = 0 ∈ HomC(Lc, Lc) =
H0(HomC (Lc,Lc)) = {0}; that is, Lc ∼= 0 in C. Thus c is an object of kerL in C.
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Note that the arguments are reversible and hence c belongs to kerL in C if and
only if c belongs to kerL in C.
Furthermore, kerL is a weakly admissible subcategory when and only when kerL
is an admissible subcategory of C.
Finally, the exitence of weak right adjoint of the Drinfeld quotient C → C /(kerL)
is equivalent to the exitence of a right adjoint to the Verdier localization functor
C → C/(kerL).
Now the theorem is a direct consequence of [Kra10, proposition 4.9.1]. 
Example 6.9. Suppose L : C → C is a weak Bousfield localization functor on a
pretriangulated DG category, as in proposition 6.8. Suppose K = kerL. Let
C = H0(C ), L = H0(L) and K = kerL. It is easy to see that H0(K ) = K. Thus
L : C → C is a Bousfield localization functor. If Q : C → C/K is the Verdier quotient
functor, then from the proof of theorem 4.9.1 in [Kra10], we have the following facts.
(1) Q has a right adjoint Qρ : C/K → C.
(2) Qρ ◦Q = L and Q ◦Qρ
ǫ
−→
∼=
idC/K.
(3) Qρ is fully faithful.
Thus the co-unit natural transformation ǫ is invertible, and hence has a section. By
Balmer [Bal11, remark 3.9] (see also Rafael [Raf90, theorem 1.2]), Qρ is separable,
and hence stably separable. Thus, one can apply theorem 3.13(d) to conclude that
in this case L -mod is triangulated and
K⊥ ∼= C/K ∼= L -mod,
where ∼= is used to denote an equivalence of triangulated categories. (cf. [Bal11,
example 6.3].)
From the above discussion it is also clear that L -mod admits an enhancement
K ⊥ = (kerL)⊥ where the equivalence H0(ε) : H0(K ⊥) → K⊥ is induced by the
equivalence between H0(C ) and C.
7. G-equivariant derived categories
7.1. A general construction.
Definition 7.1. Let A′ be the following category.
The objects of A′ are diagrams of the form
C // C perf
F

D
G
O
where C and D are DG categories, C perf denotes the DG category of perfect DG
C -modules (see definition 3.31) and F : C perf / D : Go is an adjunction.
Given two objects
C // C perf
F

and
C ′ // (C ′)perf
F
′

D
G
O
D ′
G
′
O
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in A′, a morphism (C,D) is a pair of functors C : C → C ′ and D : D → D ′ such
that the following diagrams of functors commute
C perf
C
perf
//
F

(C ′)perf
F
′

C perf
C
perf
// (C ′)perf
D
D // D ′ D
D //
G
OO
D ′,
G
′
OO
or in other words the relevant squares in the following diagram commutes
C //
C
{{✇✇
✇✇
✇✇
✇✇
✇✇
C perf
F

C
perf
zz✉✉
✉✉
✉✉
✉✉
✉✉
C ′ // (C ′)perf
F
′

D
G
O
D
zztt
tt
tt
tt
tt
D ′.
G
′
O
Composition is given by (C′,D′) ◦ (C,D) = (C′ ◦C,D′ ◦D). It is easy to see that
this forms a category.
Definition 7.2. For an object C // C perf
F / D
G
o in A′, we define
Q
(
C // C perf
F / D
G
o
)
to be the full subcategory of D consisting of all objects d such that Gd is homo-
topically equivalent (see 3.24) to the image of an object in C .
Let
A = C // C perf
F

D
G
O and A
′ = C ′ // (C ′)perf
F
′

D ′
G
′
O
be two objects in A′. Let (C,D) : A → A′ be a morphism. We define a functor
Q(C,D) : Q(A)→ Q(A′) as follows. On an object q of Q(A), define Q(C,D)(q) =
Dq. For a morphism ψ : q → q′ in Q(A), we define Q(C,D)(ψ) = Dψ.
Being a full subcategory of a DG category, Q
(
C // C perf / Do
)
is a DG
category.
Lemma 7.3. Q defined above is a (1-)functor from A′ to DGCat.
Proof. For reference we have the following diagram
C
ι //
C

C perf
C
perf

F / D
D

G
o Q(A)?
_oo
Q(C,D)=D|Q(A)

C ′
ι′ // (C ′)perf
F
′
/ D ′
G
′
o Q(A′).? _oo
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Dq belongs to Q(A′) since
G′Dq = CperfGq = Cperfι(c) for some object c, by definition of Q(A);
= ι′Cc.
Since Q(A) and Q(A′) are full subcategories, Q(C,D) is a functor. 
Definition 7.4. Let A be the full subcategory of A′ consisting of all objects A =
C // C perf
F / D
G
o such that F|ιC takes every object of ιC to an object in
Q(A).
Thus, for A = C // C perf
F / D
G
o , the adjunction F : C perf / D : Go
restricts to an adjunction F : C / Q(A) : Go .
To make the exposition clearer, we introduce another category, which we call B
as follows.
Definition 7.5. The objects of B′ are 4-tuples (C ,D ,F,G) where C and D are
DG categories and F : C perf / D : Go is an adjunction. A morphism Φ :
(C ,D ,F,G) → (C ′,D ′,F′,G′) in B′ is a pair of functors C : C → C ′ and
D : D → D ′, such that the following diagrams commute
C perf
C
perf
//
F

(C ′)perf
F
′

C perf
C
perf
// (C ′)perf
D
D // D ′ D
D //
G
OO
D ′.
G
′
OO
We have an obvious functor Ξ : B′ → A′ such that
Ξ((C ,D ,F,G)) = C // C perf
F

D
G
O and Ξ((C,D)) = (C,D).
Let B be the full subcategory of B′ consisting of tuples B = (C ,D ,F,G) such that
Ξ(B) is an object of A.
We shall construct a natural transformation Γ between two functors. The first
functor (Mod) : B → C at is constructed as follows.
Definition 7.6. Given an object T = (C ,D ,F,G) in B, let M = G ◦F : C → C ,
where F and G fit into the restricted adjuntion F : C / Q(Ξ(T )) : Go . The
Eilenberg-Moore construction determines a monad (M,µ,η) on C . Applying the
2-functor H0, we get a monad (M,µ, η) on C = H0(C ). We define (Mod)(T ) to be
the category M -mod of M modules in C.
Now consider a morphism Φ : T → T ′ in B. Let T = (C ,D ,F,G) and T ′ =
(C ′,D ′,F′,G′). By definition of Φ, we have a map C : C → C ′. We define
(Mod)(Φ) to be
(Mod)(Φ)(x, λ) = (Cx,Cλ)
where C = H0(C) is the induced functor from C = H0(C ) to C′ = H0(C ′). It is easy
to check that (Mod)(Φ) is a functor fromM -mod toM ′-mod, whereM = H0(G◦F)
and M ′ = H0(G′ ◦ F′).
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The following is evident.
Lemma 7.7. (Mod) : B → C at is a functor.
We define another functor Q˜.
Definition 7.8. Let Q˜ = Q ◦ Ξ : B → C at be the functor, where Q : A → DGCat
was defined in 7.2 and Ξ : B → A was defined in 7.5.
We define an association Γ as follows
Definition 7.9. For an object T = (C ,D ,F,G) of B, define ΓT : H0(Q˜(T )) →
(Mod)(T ) to be the functor defined as follows. Note that, since T is an object of
B, we have an adjunction
F : C / Q˜(T ) : Go .
Taking H0, and setting M = H0(G ◦ F), we get a diagram
C = H0(C )
 )❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
H0(Q˜(T ))
O
Γ //❴❴❴❴❴❴ M -mod
i❘❘❘❘❘❘❘❘❘❘❘❘❘❘
where Γ is the universal functor coming from lemma 3.39.
Proposition 7.10. Γ : H0(Q˜)→ (Mod) is a natural transformation.
Proof. Given the definitions, this is a routine computation. 
7.2. Elagin’s construction.
Theorem 7.11. Suppose C is a triangulated category and (M,µ, η) is an exact
monad on C. Let C♮ be the idempotent completion of C and (M ♮, µ♮, η♮) be the
monad induced on C♮ (see definition 3.4). Assume the following.
(1) There exists an enhancement (C , ε) of C and a lift (M,µ,η) of M on
C . Let C perf be the category of perfect DG C -modules (see 3.31) and let
(Mperf ,µperf ,ηperf) be the induced DG monad on C perf.
(2) M ♮ -mod has an enhancement (D , δ) which admits a pair of adjoint DG
functors F : C perf / D : Go satisfying Mperf = G ◦ F and H0(G) =
GM♮ (see 3.9) such that in the diagram
H0(D)
δ //
H0(G)
"❊
❊❊
❊❊
❊❊
❊❊
M ♮ -mod
G
M♮
{✇✇
✇✇
✇✇
✇✇
✇✇
C♮
H0(F)
b
F
M♮
;✇✇✇
✇✇✇✇
✇
FM♮ = δ ◦H
0(F) and H0(G) = GM♮ ◦ δ.
(3) We also assume that (C ,D ,F,G) is an object of B (see definition 7.5).
Under the above hypothesis, if B = (C ,D ,F,G), the following holds
(1) Γ(B) : H0(Q˜(B))→ (Mod)(B) ∼=M -mod is an equivalence of categories.
(2) M -mod admits a triangulated structure with respect to which FM and GM
(see 3.9) becomes exact.
(3) Furthermore, M -mod admits an enhancement.
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Proof. Let F = H0(F) and G = H0(G). If A = δ(H0(Q˜(B)), A would fit into the
following two diagrams
C♮
F
xxrr
rr
r FM♮
%%❑
❑❑
❑ C
♮
H0(D)
δ // M ♮ -mod H0(D)
δ //
G
88rrrrr
M ♮ -mod
G
M♮
ee❑❑❑❑
C
F
xxqq
qq
q F
M♮
%%❑
❑❑
❑❑
❑❑
OO
OO
C
OO
OO
H0(Q˜(B))
δ //
OO
OO
A
OO
OO
H0(Q˜(B))
δ //
G
88qqqqqOO
OO
A
G
M♮
ee❑❑❑❑❑❑❑ OO
OO
Since, GM♮ maps A in to C, it is easy to see that A ∼= M -mod; and since δ is
an equivalence, universal property of Γ(B) implies that Γ(B) = δ : H0(Q˜(B)) →
M -mod = (Mod)(B) is an equivalence; thus proving the first part.
We know M -mod is equivalent to H0(Q˜(B)). In order to show that M -mod is
triangulated, we show that Q˜(B) is pretriangulated. Recall that both C and D are
pre-triangulated. Following remark 3.26, we prove that shifts of objects in Q˜(B)
and cones of degree zero closed morphisms in Q˜(B) are homotopically equivalent
to some object in Q˜(B).
The dg functor G : Q˜(B) → C induces a functor Gpretr : (Q˜(B))pretr → C pretr.
Let d be an object of Q˜(B) and n ∈ Z. Now Gpretr(d[n]) = (Gpretr(d))[n] is
homotopy equivalent to some cn in C , since C is pretriangulated. Thus d[n] belongs
to Q˜(B), by definition.
By the construction of cone (see 3.20), it is clear thatGpretr(Cone(f)) = Cone(Gpretr(f)).
The degree zero closed map Gpretr(f) = Gf is a morphism in C , which is pretrian-
gulated. Thus Cone(Gpretr(f)) is homotopy equivalent to some object c in C . In
other words, Gpretr(Cone(f)) is homotopy equivalent to some object in C . There-
fore, Cone(f) belongs to Q˜(B). Thus Q˜(B) is pretriangulated.
Thus M -mod = (Mod)(B), which is equivalent to H0(Q˜(B)) is triangulated.
Furthermore, the enhancement is given by (Q˜(B),Γ(B)). This proves 2 and 3. 
As an application we show how the above theorem easily gives us corollary
6.10, Theorem 8.9 and Corollary 8.10 in Elagin’s paper [Ela14]. Now we recall the
definition of action of a group on a category.
Definition 7.12. Suppose G is a finite group of order |G|. Let V be a Z[1/ |G|]-
linear symmetric, monoidal category. For a V-enriched category C, an action of G
on C is defined to be a family of V-autoequivalences {ϕg |ϕg : C → C, g ∈ G}, such
that we have a compatible family of V-natural isomorphisms ηg,h : ϕg ◦ϕh
∼=
−→ ϕhg,
in the sense for all f, g, h ∈ G, the diagram
ϕfϕgϕh
ϕfηg,h
//
ηf,gϕh

ϕfϕhg
ηf,hg

ϕgfϕh
ηgf,h
// ϕhgf
commutes.
Definition 7.13. For G a finite group, V a Z[1/ |G|]-linear category and for C
a V-enriched category with an action of G as in definition 7.12, one defines the
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V-enriched category CG of G-equivariant objects as follows. An object of CG is a
tuple consisting of
(1) an object A of the category C,
(2) a collection of isomorphisms in C, {λg : A→ ϕgA | g ∈ G}
such that for all g and h in G, the diagram
A
λg
//
λhg

ϕgA
ϕg(λh)

ϕhgA ϕgϕhAηg,h
∼=oo
commutes.
A morphism f : (A, {λg : A→ ϕgA}) → (B, {τg : B → ϕgB}), between two ob-
jects of CG, is a morphism f : A → B in C which is compatible with the action of
G. In other words:
A
λg
//
f

ϕgA
ϕgf

B
τg
// ϕgB
commutes for all g ∈ G.
Elagin [Ela14, example 3.7] defines the following two functors.
Definition 7.14. p∗ : CG → C is the forgetful functor p∗(A, {λg}) = A. If f :
(A, {λg})→ (B, {τg}) is a morphism in C
G, then p∗(f) is the underlying morphism
f : A→ B.
p∗ : C → C
G is defined by
p∗(A) =

⊕
g∈G
ϕgA, {ξh}


where ξh = ⊕gη
−1
h,g : ⊕gϕghA→ ⊕gϕh(ϕgA) = ϕh(⊕gϕgA); and
p∗(f : A→ B) =
⊕
g∈G
ϕgf.
Lemma 7.15. p∗ is both right and left adjoint to p∗.
The above lemma is proved in [Ela14, lemma 3.8].
Definition 7.16. Given G, V , C and CG as in definitions 7.12 and 7.14, let MG :
C → C be the functor MG = p
∗ ◦ p∗.
Now let us restrict to the case when V is the category of dg-modules over some
field k. We get the following result easily.
Definition 7.17. Let G be a finite group of order |G| and suppose C is a triangu-
lated category over an Z[1/ |G|]-algebra k. Assume G acts on C. A G-equivariant
enhancement (C , ε) is a DG category C which admits a G action via DG au-
toequivalences, along with a G-equivariant equivalence ε : H0(C ) ∼= C. As in
[Ela14, section 8], we assume that the natural isomorphisms ηg,h for C (cf. 7.12)
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are closed of degree 0. Also, the G-equivariant objects in CG are defined as pairs
(A, {λg | g ∈ G}) as in 7.13, with the additional condition that λg : A → ϕgA are
all closed morphisms of degree 0.
Theorem 7.18. Suppose G is a finite group of order |G| and C is a triangulated
category over an Z[1/ |G|]-algebra k. We assume that G acts on C. If C admits an
G-equivariant enhancement (C , ε), then CG is a triangulated category, and admits
an enhancement.
Proof. The construction of p∗ and p
∗ in 7.14 applied for the case where V is the
category of DG k-modules gives us two DG functors p∗ : C → C
G and p∗ : CG →
C . Let M = p∗ ◦ p∗. It is clear that H
0(M) = H0(p∗) ◦ H0(p∗) = p
∗p∗ = M .
Thus M admits a lift M; and hence condition 1 of theorem 7.11 is satisfied.
We refer to [Ela14, lemma 8.6 and theorem 8.7] for the proof that M ♮ -mod ∼=
(C♮)G ∼= H0(Mperf-mod) ∼= H0((C perf)G) ∼= H0((CG)perf). This verifies condition
2 of theorem 7.11.
Note that in our case, F = p∗ and G = p
∗. Let B = (C , (CG)perf ,p∗,p
∗). For
an object c in C , GFc = p∗p∗c = ⊕ϕgc is actually an object in C . Thus, condition
3 of theorem 7.11 is also satisfied.
Thus, by the theoremM -mod is triangulated and admits an enhancement (Q˜(B),Γ(B)).

Remark 7.19. Elagin [Ela14, theorem 6.9 and corollary 6.10] proves thatM -mod =
CG is triangulated even when C has an enhancement, which may not beG-equivariant.
He uses separability of M and the fact that a triangulated category having a DG
enhancement is triangulated of order N for any N > 0.
In particular, we have the following geometric results.
Corollary 7.20. Suppose X is quasi-projective smooth variety over a field k and
G is a finite group of order |G| such that (char k, |G|) = 1.
(1) Assume that G acts on X. Let DbG(X) denote the bounded derived category
of G-equivariant coherent sheaves. Then with the induced action of G on
Db(X), we have
DbG(X)
∼= Db(X)G.
(2) Suppose G is a finite subgroup of Pic(X). Then G acts on Coh(X) by
tensoring into line bundles in G. If Y is the relative spectrum
Y = SpecX
(⊕
L∈G
L−1
)
,
then Coh(X)G ∼= Coh(Y ) and hence DbG(X)
∼= Db(Y ).
Proof. Since X has enough locally free sheaves,
Db(X) ∼= Dperf(X) = K
b(lffr(X)).
where lffr(X) denotes the additive category of locally free, finite rank sheaves overX
and Kb( ) denotes the homotopy category of chain complexes. If lffrG(X) denotes
the category of locally free, finite rank G-equivariant sheaves on X ,
DbG(X)
∼= Kb(lffrG(X))
Thus, Db(X) is a triangulated category admitting a G-equivariant enhancement
C b(lffr(X)), where C b(lffr(X)) is the DG category of bounded chain complexes of
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objects from lffr(X). Theorem 7.18 implies that Db(X)G is triangulated and admits
an enhancement.
The construction of p∗ and p
∗ in definition 7.14 gives us a monad M = p∗ ◦
p∗ : lffr(X) → lffr(X). Now we are in the situation of example 5.11. Let Mdg
be the monad induced on C b(lffr(X)) by M . By lemma 5.12, H0(Mdg-mod) ∼=
Kb(M -mod). Now M -mod = lffrG(X) and Mdg-mod ∼=
(
C b(lffr(X))
)G
. Thus,
Db(X)G = H0(C b(lffr(X))G) ∼= Kb(lffrG(X)) ∼= D
b
G(X).
The second part follows similarly. 
8. Twisted derived categories
We recall the definition of twisted sheaves and twisted derived categories. Ref-
erences are [Ca˘l02, section 4] and his thesis [Cal00].
Definition 8.1. Let X be a scheme. Suppose α ∈ Hˇ2(X,O∗X) is given along
an open cover {Ui}i∈I by sections αi,j,k ∈ Γ(Ui ∩ Uj ∩ Uk,O
∗
X). An α-twisted
sheaf F consists of a pair ({Fi}i∈I , {ϕi,j}i,j∈I), where Fi are sheaves on Ui and
ϕi,j : Fj |Ui∩Uj → Fi|Ui∩Uj are isomorphisms such that
(1) ϕi,i = idFi ,
(2) ϕi,j = ϕ
−1
j,i , and
(3) ϕi,j ◦ ϕj,k ◦ ϕk,i = αi,j,k idFi|Ui∩Uj∩Uk .
Morphism of twisted sheaves is defined in an obvious manner: they are a collection
of morphisms of sheaves on Ui which are compatible with the twisting. GivenX and
α, the twisted sheaves form an abelian category, which we denote by M od(X,α).
The subcategory of M od(X,α) consisting of twisted sheaves with all the Fi’s co-
herent is the category of coherent twisted sheaves, which is denoted by Coh(X,α).
Coh(X,α) is an abelian category. The category of locally free, finite rank twisted
sheaves will be denoted by lffr(X,α).
Let Db(X,α) denote the bounded derived category of complexes of α-twisted
sheaves with coherent cohomology.
Remark 8.2. The categories M od(X,α) and Coh(X,α) do not depend on the choice
of open cover or on the choice of the cocycle {αi,j,k}. Remark [Ca˘l02, 4.5] and
[Cal00, lemma 2.1.4] implies that if α ∈ Br(X) and Coh(X) has enough locally free
sheaves of finite rank, then Coh(X,α) has enough locally free α-twisted sheaves of
finite rank. Thus, in this case,
Db(X,α) ∼= K−,b(lffr(X,α))
where K−,b is the homotopy category of bounded above complexes which are exact
at all but finitely many degrees.
We need a few results before we prove the main theorem of this section.
Proposition 8.3. A sheaf of Azumaya algebras A over OX on a scheme X is
separable over OX .
Proof. This follows from section 3 of chapter 2 in [DI71]. 
Proposition 8.4. If S is a separable R algebra, the forgetful functor ff : S -mod→
R -mod is separable.
Proof. This follows from proposition 1.3 in [NVdBVO89]. 
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Proposition 8.5. If A is an Azumaya algebra over X corresponding to α ∈
Hˇ2(X,O∗X), then the categories M od(X,α) and M od(A) are equivalent.
Proof. This is Theorem 1.3.7 in [Cal00]. 
Lemma 8.6. Let α be an element of the Brauer group Br(X) corresponding to the
Azumaya algebra Aα. Then
Db(X,α) ∼=Mα -mod,
where Mα is the monad Mα(F) = F ⊗Aα on D
b(X).
Proof. This can be directly proved using theorem 3.13(4) as follows. Consider the
monad Mα on D
b(X) defined by
Mα(F) = F ⊗OX Aα
where ⊗ denotes the left derived tensor. We have an adjunction
F : Db(X) / Db(Aα -mod) : Go
where
F (F) = F ⊗OX Aα G(G) = ι
∗G = HomAα(Aα,G),
where ι : OX → Aα is the algebra map and ι
∗ is the restriction of scalars functor.
Also Mα = G ◦ F .
Since Azumaya algebras are separable by 8.3, G is separable by 8.4. Thus by
Balmer’s theorem 3.13(4) we get that Mα -mod ∼= D
b(Aα -mod) ∼= D
b(X,α). The
last equivalence follows from 8.5. 
Theorem 8.7. Suppose A is an Azumaya algebra over X associated to α ∈ Hˇ2(X,O∗X).
Then Db(X,α) admits an enhancement.
Proof. Let us denote the functor F 7→ F ⊗ Aα from lffr(X) to itself by Mα. It is
clear that since Aα is an algebra, Mα is a monad. Consider the induced functor
Mα : C
−,b
dg (lffr(X))→ C
−,b
dg (lffr(X)).
Note Mα -mod ∼= lffr(X,α). Thus H
0(Mα-mod) ∼= K
−,b(lffr(X,α)) ∼= Db(X,α),
where the first equivalence comes from lemma 5.12 and the second one comes from
remark 8.2. This demonstrates an enhancement for Db(X,α). 
9. Interaction of two monad actions
In this section, we explore conditions on two monads which ensure that their
composition is also a monad.
Definition 9.1. Let C be a category. Two monads (M1, µ1, η1) and (M2, µ2, η2)
are said to be compatible if the following holds.
(1) There exists a natural isomorphism σ :M1M2 →M2M1.
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(2) It is compatible with µ1 and µ2 as is shown by the commutativity of
M31M
3
2
(µ1M1)∗(µ2M2)
//
M21σM
2
2

M21M
2
2
M1σM2

M21M2M1M
2
2
M21M2σM2

M21M
2
2M1M2
(µ1∗µ2)M1M2
// M1M2M1M2
along with a similar diagram with roles of M1 and M2 reversed.
(3) Also the following are commutative
M21M2
µ1M2 //
M1σ

M1M2
σ

M22M1
µ2M1 //M2M1
M1M2M1
σM1

M2M1M2
M2σ
OO
M2M
2
1
M2µ1
// M2M1 M1M
2
2
M1µ2
//
σM2
OO
M1M2
σ
OO
along with two similar diagrams with M1M
2
2 and M2M
2
1 on the top left
corner.
(4) We have two similar conditions for η. The first one being compatibility
with horizontal composition.
M1M2
M(η1∗η2)
//
(M1η1)∗(M2η2)
**❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
(η1∗η2)M

M1M2M1M2
M1M2M1M2 M
2
1M
2
2 .M1σM2
oo
M1σM2
OO
(5) We also need the following compatibility.
M2
η1M2
//
M2η1

M1M2
σ
zztt
tt
tt
tt
t
M2M1 M1
M1η2
OO
η2M1oo
Remark 9.2. If we consider the map σz :M1M2z →M2M1z, and use the definition
of natural transformation on σ, we get the following diagram (where we omit the
z).
M1M2M1M2
σM1M2 //
M1M2σ

M2M
2
1M2
M2M1σ

M1M
2
2M1
σM2M1 // M2M1M2M1
We need the following proposition.
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Proposition 9.3. Let C be a DG category with two compatible monads (M1,µ1,η1)
and (M2,µ2,η2).
(1) (M1M2, (µ1 ∗µ2) ◦ (M1σ
−1M2),η1 ∗ η2) is a monad on C. By symmetry,
so is (M2M1, (µ2 ∗ µ1) ◦ (M2σ
−1M1),η1 ∗ η2).
(2) M2 (respectivelyM1) induces a monad sayM2 (respectivelyM1) onM -mod1
(respectively M -mod2).
(3) M2 -mod ∼= (M1M2) -mod andM1 -mod ∼= (M2M1) -mod. Further, (M1M2) -mod ∼=
(M2M1) -mod.
Proof. This was done by Beck, for the case of additive categories, in the proposition
stated in [Bec69, page 126 – 127], and the work done before that. The same proof
can be adapted for any V-category and hence for DG categories. The last part of
9.3(3) is not in Beck, but it follows from the fact that σ is a natural isomorphism. 
As an application, we have the following two results.
Definition 9.4. Let Cdg,B(A) be the full subcategory of Cdg(A) (see example 5.11)
consisting of those complexes, whose homologies lie in B.
Lemma 9.5. Suppose A is a Grothendieck abelian category and B is a Serre sub-
category. Suppose every object of Cdg(A) admits a K-injective resolution. Let I be
the full subcategory of all K-injective objects in Cdg,B(A). Then there exists a DG
monad Md on Cdg,B(A) such that Md-mod ∼= I.
Proof. The inclusion functor i : Cdg,B(I) →֒ Cdg,B(A) has a left adjoint I which
takes every complex in Cdg,B(A) to its K-injective resolution. Let Md = i ◦ I. µ
and η are defined as in the Eilenberg-Moore construction. This has the required
properties, as any object in Md-mod, λ : Ix→ x gives a splitting of x→ Ix which
proves that x is also K-injective. 
Lemma 9.6. Let A be a Grothendieck, abelian category with tensor and B be a Serre
category. Let 11 be the identity for the tensor. Consider an object A• in Cdg(A),
which is K-flat. Suppose A• is a ring object in Cdg(A), that is, B
• 7→ B•⊗Cdg(A)A
•
is a DG monad on Cdg(A).
We assume that for any object B• in Cdg,B(A), A
• ⊗ B• is also an object of
Cdg,B(A). We further assume that A
• has a K-flat dual (A•)∨, that is
HomCdg(A)(M
•, A• ⊗N•) ∼= HomCdg(A)(M
• ⊗ (A•)∨, N•).
Then MA = A
•⊗ induces a monad structure on Cdg,B(A). This monad structure
is compatible with Md defined above.
Proof. Every object of Cdg(A) admits a K-injective resolution, see for example
[ATJLSS00, Theorem 5.4].
That MA is a monad, follows from the fact that A is a ring object. We only
need to show that MA and Md are compatible.
First we claim that if I• is K-injective, so is I• ⊗ A•. This is because, for any
acyclic M•, and for any K-injective I•,
HomCdg(A)(M
•, I• ⊗A•) = HomCdg(A)(M
• ⊗ (A•)∨, I•) = 0
as by definition of K-flat, M• ⊗ (A•)∨ is acyclic.
Suppose for a complex M• in Cdg,B(A), I
•(M•) be its K-injective resolution
in Cdg(A). Being quasi-isomorphic to M
•, I•(M•) also belongs to Cdg,B(A). A
•
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being flat, I•(M•) ⊗ A• is a K-injective resolution of M• ⊗ A•. This gives us a
homotopy equivalence
I•(M• ⊗A•) ∼ I•(M•)⊗A•.
In other words,
Md(MA(M
•)) ∼MA(Md(M
•)),
which is easily checked to be natural, proving the required compatibility. 
Proposition 9.7. Let X be a quasi-projective variety and let Z ⊂ X be a closed
subvariety. Suppose Aα is an Azumaya algebra over X associated to α ∈ Hˇ
2(X,O∗X).
Then DZ(X,α) admits an enhancement.
Proof. This follows directly from the above lemma by taking
A = Coh(X), B = Coh(Z),
and A• = Aα (concentrated at degree 0)
in lemma 9.6 where Coh( ) is the category of coherent sheaves over the correspond-
ing scheme. By proposition 9.3, we get that (MdMA)-mod and (MAMd)-mod
are equivalent. Part 2 of the same proposition says that these are equivalent to
M¯d-mod where M¯d is the induced monad on MA-mod. But MA-mod is equiva-
lent to Cdg,Z(Coh(X,α)), of complexes whose homologies are supported in Z.
Now M¯d-mod is the category of all K-injective objects. ThusH
0((MdMA)-mod)
is nothing but DZ(X,α).
This proves the corollary. 
For the second one, we use the notations from subsection 7.2 and section 6.
Proposition 9.8. Let G be a finite group which acts on two triangulated categories
C and D. Suppose that C and D are k-linear for some Z[1/ |G|] algebra k. Assume
that C (resp. D) admits an G-equivariant enhancement (C , εC ) (resp. (D , εD).
Further assume that there is a G-equivariant functor L : C → D which is also a
Drinfeld localization functor. Then DG admits an enhancement L(Q˜(B)).
Proof. We recall from the proof of theorem 7.18 that CG admits an enhancement
(Q˜(B),Γ(B)) whereB = (C , (CG)perf ,pC∗ ,p
∗
C
). Since L isG-equivariant, it induces
a functor (LG)perf : (CG)perf → (CG)perf and hence a morphism L¯ = (L, (LG)perf) :
B → B in B. Note B′ = L¯(B) = (D , (DG)perf ,pD∗ ,p
∗
D
). It is clear that L ◦ Q˜ =
Q˜ ◦ L¯, by construction. Thus, on one hand we have
H0(L ◦ Q˜(B)) ∼= H0(L) ◦H0(Q˜(B)) ∼= L(CG).
and on the other,
H0(Q˜(L¯(B))) ∼= H0(Q˜(B′)) ∼= DG.
This completes the proof. 
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